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Main themes of this talk

- Scaling limits of Metropolis-Hastings algorithms

- A new MH algorithm with a new scaling
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Brief review of scaling results I Introduction

Motivation

Let F : Rd → R and π a probability measure on Rd (with density π).

Generic problem : estimation of an expectation E F def= Eπ[F ], where

- π is known up to a multiplicative factor ;

- we do not know how to sample from π (no basic Monte Carlo estimator) ;

- π is high dimensional density (usual importance sampling and accept/reject
inefficient).

A solution is to approximate E F by

n−1
n∑

i=1

F (Xi ) ,

where (Xi )i≥0 is a Markov chain with invariant measure π.
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Brief review of scaling results I Introduction

Markov chain theory

Definition
Let P : Rd × B(Rd )→ R+. P is a Markov kernel if

- for all x ∈ Rd , A 7→ P(x ,A) is a probability measure on Rd ,

- for all A ∈ B(Rd ), x 7→ P(x ,A) is measurable from Rd to R.

A transition density function q : Rd × Rd → R is a measurable function such
that for all x ∈ Rd , ∫

Rd
q(x , y )dy = 1 .

Then P(x ,A) =
∫

A
q(x , y )dy is a Markov kernel on Rd with density q.

A Markov chain associated with P is a stochastic process (Xk )k≥0 such for all
k ≥ 0, Xk+1 ∼ P(Xk , ·).
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Brief review of scaling results I Introduction

Markov chain theory

Some simple properties :

- If P1 and P2 are two Markov kernels , we can define a new Markov kernel,
denoted P1P2, by for x ∈ Rd ,A ∈ B(Rd )

P1P2(x ,A) =
∫
Rd

P1(x , dz)P2(z,A)dz .

- If P is a Markov kernel and ν a probability measure on Rd , we can define a
measure on Rd , denoted νP, by for A ∈ B(Rd )

νP(A) =
∫
Rd
ν(dz)P(z,A) .

- Let P be a Markov kernel on Rd . For f : Rd → R+ measurable, we can
define a measurable function Pf : Rd → R̄+ by

Pf (x) =
∫
Rd

P(x , dz)f (z) .
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Brief review of scaling results I Introduction

Markov chain theory

Invariant probability measure : π is said to be an invariant probability
measure for the Markov kernel P if πP = π.

Theorem (Meyn and Tweedie, 2003, Ergodic theorem)
With some conditions on P, we have for any F ∈ L1(π),

1
n

n∑
i=1

F (Xi ) −→
π-a.s.

∫
F (x)π(x)dx .

A simple condition for π to be an invariant measure for P is the reversibility :

π(dy )P(y , dx) = π(dx)P(x , dy ) .
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Brief review of scaling results I Introduction

MCMC : rationale

To approximate E F : find P with invariant measure π, from which we can
efficiently sample.

Question : How to find P ?

⇒ the Metropolis Hastings algorithm provides a way to build such kernel.
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Brief review of scaling results I The Metropolis-Hastings algorithm
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Brief review of scaling results I The Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm (I)

Initial Data : the target density π, a transition density q, X0 ∼ µ0.

For k ≥ 0 given Xk ,

1. Generate Yk+1 ∼ q(Xk , ·).
2. Set

Xk+1 =
{

Yk+1 with probability α(Xk ,Yk+1) ,
Xk with probability 1− α(Xk ,Yk+1) .

where

α(x , y ) = 1 ∧ π(y )
π(x)

q(y , x)
q(x , y )

.

The algorithm produces a Markov chain with a kernel PMH reversible w.r.t. π.

Note Xk+1 = Xk + 1{U≤α(Xk ,Yk+1)}(Yk+1 − Xk ), where U ∼ U [0, 1]
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Brief review of scaling results I The Metropolis-Hastings algorithm

The RWM and MALA

Two well known Metropolis Hastings algorithms :

1) The Random Walk Metropolis :
Yk+1 = Xk + σd Zk+1 (Zk )k≥0 i. i. d. sequence of law Nd (0, Idd )
q(x , y ) = φd ((y − x)/σd ) where φd is the Gaussian density on Rd

Xk+1 = Xk + 1{U≤α(Xk ,Yk+1)}σd Zk .

2) The Metropolis Adjusted Langevin Algorithm :

Assume that logπ is at least C1 with gradient denoted by b.
Yk+1 = Xk + σ2

d b(Xk )/2 + σd Zk+1

q(x , y ) = φd ((y − x − σ2
d b(x))/σd )

Xk+1 = Xk + 1{U≤α(Xk ,Yk+1)}(σ2
d b(Xk )/2 + σd Zk ) .
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Brief review of scaling results I The Metropolis-Hastings algorithm

Scaling problems and diffusion limits

Scaling problems :

- How should σd depend on the dimension d ?

- What does this tell us about the efficiency of the algorithm ?

- Can we optimize σd in a sensible way ?

- Can we characterize the optimal choice of σd by some intrinsic criteria
independent of π ?

For the case of the RWM and MALA, we have a diffusion limits which answer
to these questions.
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Brief review of scaling results I The Metropolis-Hastings algorithm

Efficiency of HM algorithms

Let (Xk )k≥0 be a Markov chain with invariant measure π.
With some conditions we have a LLN and a CLT : for some F ,

1
n

n∑
i=1

F (Xi )
a.s.−→

n→+∞

∫
F (x)π(x)dx

√
n

(
1
n

n∑
i=1

F (Xi )−
∫

F (x)π(x)dx

)
∗=⇒

n→+∞
N (0, σ2(F ,P)) ,

where

σ2(F ,P) = lim
n→+∞

n Varπ

[
1
n

n∑
i=1

F (Xi )

]
= Varπ [F (X0)] +

∑
i≥1

Covπ [F (Xi ),F (X0)] .

page 15 A. Durmus New Langevin based algorithms for MCMC in high dimensions



Brief review of scaling results I The Metropolis-Hastings algorithm

Efficiency of MH algorithms

• Given F , the CLT allows us to compare two Markov kernel P1,P2 :

σ2(F ,P1) ≤ σ2(F ,P2) =⇒ P1 is more efficient than P2 .

• For all i ≥ 1 Covπ [F (Xi ),F (X0)] ≥ 0 : therefore we cannot do better than
i. i. d. samples.

• However no practical conditions to ensure for all F ,

σ2(F ,P1) ≤ σ2(F ,P2) ,

which is the case for Langevin diffusion as we will see.
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Brief review of scaling results I The Metropolis-Hastings algorithm

Expected Square Jump Distance

Common efficiency criteria : the ESJD defined for Markov chain in one
dimension by :

ESJD = Eπ[(X1 − X0)2] .

One justification :

Maximize the ESJD ⇔ Minimize Covπ [F (X1),F (X0)] ,

for F linear function.
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Brief review of scaling results I Speed of Langevin diffusions

Outlines
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Brief review of scaling results I Speed of Langevin diffusions

Langevin diffusion

Let π a probability measure on Rd with log-density C1, b(x) = ∇ log(π(x)).
Consider the overdamped Langevin equation :

dYt = (b(Yt )/2)dt + dBt .

Note that the proposal of the MALA is just a Euler-Maruyama discretization of
this SDE

Under some conditions, (Yt )t≥0 is ergodic with respect to π, and we have a
LLN and a CLT again :

1
t

∫ t

0

F (Xs)ds a.s.−→
t→+∞

∫
F (x)π(x)dx

√
t
(

1
t

∫ t

0

F (Xs)ds −
∫

F (x)π(x)dx
)

∗=⇒
t→+∞

N (0, σ2(F ,Y )) ,

where

σ2(F ,Y ) = lim
t→+∞

t Varπ

[
1
t

∫ t

0

F (Ys)ds
]
.
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Brief review of scaling results I Speed of Langevin diffusions

scaled Langevin equation

Consider the following scaled Langevin equation :

dY c
t = (cb(Yt )/2)dt +

√
cdBt . (1)

Then a solution of (1) is given by (Y 1
ct )t≥0 :

Y 1
ct = Y 1

0 +
∫ ct

0

(b(Y 1
s )/2)ds + Bct

s=cu= Y 1
0 +
∫ t

0

(cb(Y 1
cu)/2)ds +

√
cB̃t ,

with the Brownian motion B̃t = c−1/2Bct .
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Brief review of scaling results I Speed of Langevin diffusions

Efficiency of Langevin solutions

Which c leads to the best convergence, ie minimizes σ2(F , (Y c
t )t≥0) ?

1 To be closer to the equilibrium, it sounds good to accelerate the diffusion :

so take large c.

2 It is also justify by the CLT :

σ2(F , (Y c
t )t≥0) = lim

t→+∞
t Varπ

[
1
t

∫ t

0

F (Y 1
cs)ds

]
u=cs= c−1 lim

t→+∞
ct Varπ

[
1
ct

∫ ct

0

F (Y 1
s )ds

]
.

σ2(F , (Y c
t )t≥0) = c−1σ2(F , (Y 1

t )t≥0) ,

Conclusion : the faster, the better.
Note this result holds for all F .
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Brief review of scaling results I Review of the scaling results for the RWM and MALA

Outlines
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Brief review of scaling results I Review of the scaling results for the RWM and MALA

Scaling of the RWM

Recall :
Yk+1 = Xk + σd Zk+1 (Zk )k≥0 i. i. d. sequence of law Nd (0, Idd )
q(x , y ) = φd ((y − x)/σd ) where φd is the Gaussian density on Rd

Xk+1 = Xk + 1{U≤α(Xk ,Yk+1)}σd Zk .

Theorem (Roberts, Gelman and Gilks, 1997)
Let πd (x) =

∏d
i=1 π(xi ) and {X d,RWM

k , d ≥ 0} be the Markov chain produced by
the RWM on Rd with target density πd and

X d,RWM
0 ∼ πd σd = `d−1/2 .

Consider,
Y d,RWM

t = X d,RWM
btdc,1 .

Then the sequence of càdlag process on R, {(Y d,RWM
t )t≥0, d ≥ 1}, converges

weakly in the Skorokhod topology to (Yt )t≥0, solution of the scaled Langevin
equation :

dYt = (hRWM(`)b(Xt )/2)dt + hRWM(`)1/2dBt ,

for some function hRWM(`), which we can optimize.

page 23 A. Durmus New Langevin based algorithms for MCMC in high dimensions



Brief review of scaling results I Review of the scaling results for the RWM and MALA

Scaling of the MALA

Recall : 
Yk+1 = Xk + σ2

d b(Xk )/2 + σd Zk+1

q(x , y ) = φd ((y − x − σ2
d b(x))/σd )

Xk+1 = Xk + 1{U≤α(Xk ,Yk+1)}(σ2
d b(Xk )/2 + σd Zk ) .

Theorem (Roberts and Rosenthal, 2001)
Let πd (x) =

∏d
i=1 π(xi ) and {X d,E

k , d ≥ 0} be the Markov chain produced by
the MALA on Rd with target density πd and

X d,E
0 ∼ πd σd = `d−1/6 .

Consider,
Y d,E

t = X d,E

btd1/3c,1 .

Then the sequence of càdlag process on R, {(Y d,E
t )t≥0, d ≥ 1}, converges

weakly in the Skorokhod topology to (Yt )t≥0, solution of the scaled Langevin
equation :

dYt = (hE(`)b(Xt )/2)dt + hE(`)1/2dBt ,

for some function hE(`), which we can optimize.
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Brief review of scaling results I Review of the scaling results for the RWM and MALA

Consequences on the tuning of the two algorithms

1. Since the solution of the Langevin equation explores the invariant
distribution in O(1) at stationarity : the RWM explores it in O(d), and
MALA in O(d1/3).

2. To get the best mixing algorithm, tune the parameter ` in order to
maximize the different speed measures h(`) (the RWM and MALA then
approximate the fastest Langevin solution).

Question : can we find a proposal for which the MH algorithm explores the
invariant distribution faster than MALA ?
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A new MH algorithm with a scaling in d1/5
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A new MH algorithm with a scaling in d1/5 I Formal derivation
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A new MH algorithm with a scaling in d1/5 I Formal derivation

Framework

We propose here to observe how a class of HM algorithm must be scaled in
the dimension d .

As the RWM and MALA, we make the following simplifications :

a) πd is on a product form

πd (x) =
d∏

i=1

π(xi ) =
d∏

i=1

exp(g(xi )) .

b) π smooth enough.

c) We suppose that X d
0 ∼ πd and the proposal is some Gaussian kernel :

Y d
k+1,i = µ(X d

k,i , σd ) + S(X d
k,i , σd )Z d

k+1,i

q(x , y ) = φd ((y − µ(x , σd ))/S(x , σd ))
X d

k+1 = X d
k + 1{U≤α(Xd

k
,Y d

k+1
)}(Y

d
k+1 − X d

k ) .

For MALA µ(x , σ) = x + σ2b(x)/2,S(x , σ) = σ.

d) For γ > 0, σd = `dγ/2.
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A new MH algorithm with a scaling in d1/5 I Formal derivation

Form of the proposal

Note that the proposal Y d
k+1,i = ψ(X d

k,i , γ,Z
d
k+1,i ) depends on :

(i) the current state X d
k .

(ii) the parameter γ through σd = `d−γ/2.

(iii) the noise Z d
k+1 ∼ N (0, Idd ).
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A new MH algorithm with a scaling in d1/5 I Formal derivation

choice of γ

1) On the one hand, γ should be as small as possible so that the chain
makes large steps and decorrelation amongst sample will be maximized.

2) On the other hand, γ should not be too small otherwise the acceptance
probability goes to 0 with the dimension.

Lead to the definition of the critical exponent γc :

γc = min{γ ≥ 0 | lim inf
d→∞

E[α(X d
0 ,Y

d
1 )] > 0} .

where the expectation is taken with X d
0 ∼ πd .

For the RWM γc = 1 and for MALA γc = 1/3.

Where do these exponents come from ? Can we do better ?
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A new MH algorithm with a scaling in d1/5 I Formal derivation

Formal derivation

Consider the acceptance ratio α(x , y ) = 1 ∧ α̃(x , y ) where

log(α̃(x , y )) =
d∑

i=1

g(yi )− g(xi ) + (yi − µ(xi , σd ))/(2S2(xi , σd ))

− (xi − µ(yi , σd ))/(2S2(yi , σd )) .

If yi = ψ(xi , σ, zi ), then a Taylor expansion of order k with respect to σd leads
to

log(α̃(x , y )) =
k∑

j=1

d∑
i=1

`j

d jγ/2 Cj (xi , zi ) + Rk+1(x , σ̃, z) .

It turns out that the scaling of each proposals directly relates with how many
Ci terms cancel.
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A new MH algorithm with a scaling in d1/5 I Formal derivation

Formal derivation

log(α̃(x , y )) =
k∑

j=1

d∑
i=1

`j

d jγ/2 Cj (xi , zi ) + Rk+1(x , σ̃, z) .

If Ci = 0 for i = 1, . . . ,m then the leading term is

d∑
i=1

`m+1

d (m+1)γ/2 Cm+1(xi , zi ) .

This implies that γc = 1/(m + 1).

Indeed, using an appropriate limiting theorem :

`m+1

d1/2

d∑
i=1

Cm+1(X d
0,i ,Z

d
0,i )

∗=⇒
d→+∞

N (0, σ∗) ,

and the other terms goes to some constant.

For the RWM m = 0 and for MALA m = 2.
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A new MH algorithm with a scaling in d1/5 I Formal derivation

A proposal with a new scaling

If we now choose :

µfMALA(x , h) = x +
σ2

d

2
b(x)− σ4

d

24
Db(x)b(x)− σ4

d

24
{Id : D2b(x)}

SfMALA(x , h) = σd +
σ3

12
Db(x)

where
b(x) = ∇ logπd (x) ,

then we end up with m = 4 and γc = 5.

New proposal Yk+1 = µfMALA(Yk , σd ) + SfMALA(Yk , σd )Zk+1 is used in a
Metropolis algorithm. The produced Markov chain is called the fast Metropolis
Adjusted Langevin algorithm.
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A new MH algorithm with a scaling in d1/5 I Main results

Outlines
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A new MH algorithm with a scaling in d1/5 I Main results

Assumptions

H1

1. g ∈ C10(R).

2. g′ is Lipschitz.

3. There exists a polynomial on R, P0, such that for all t ∈ R and i = 1 · · · 10

g(i)(t) ≤ P0(t) .

4. for all k ∈ N, ∫
R

tk eg(t)dt < +∞ .
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A new MH algorithm with a scaling in d1/5 I Main results

Limiting acceptance probability

Recall : {
Yk+1 = µfMALA(Xk , σd ) + SfMALA(Xk , σd )Zk+1

Xk+1 = Xk + 1{U≤α(Xk ,Yk+1)}(Yk+1 − Xk ) .

Theorem
Assume H 1. Let {X d,fMALA

k , d ≥ 0} be the Markov chain produced by the
MALA on Rd with target density πd and

X d,fMALA
0 ∼ πd σd = `d−10 .

Denote by qfMALA
d the transition density associated with this chain and αfMALA

d
the acceptance ratio. Then,

lim
d→+∞

∫ ∫
πd (x)qfMALA

d (x , y )αfMALA
d (x , y )dxdy = afMALA(`) ,

where afMALA(`) = 2 (−K fMALA`5/2) with (x) = (1/(2π))
∫ x
−∞ e−t2/2dt , for

some constant K fMALA depending on π.
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A new MH algorithm with a scaling in d1/5 I Main results

Scaling of mMALA

Theorem
Assume H 1. Let {X d,fMALA

k , d ≥ 0} be the Markov chain produced by the
mMALA on Rd with target density πd and

X d,fMALA
0 ∼ πd σd = `d−10 .

Consider,
Y d,fMALA

t = X d,fMALA

btd1/5c,1 .

Then the sequence of càdlag process on R, {(Y d,fMALA
t )t≥0, d ≥ 1},

converges weakly in the Skorokhod topology to (Yt )t≥0, solution of the scaled
Langevin equation :

dYt = (hfMALA(`)b(Xt )/2)dt + hfMALA(`)1/2dBt ,

for hfMALA(`) = `2afMALA(`).
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A new MH algorithm with a scaling in d1/5 I Maximization of the speed of the diffusion

Outlines
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A new MH algorithm with a scaling in d1/5 I Maximization of the speed of the diffusion

Maximizing h(`)

Can we find some criteria to maximize independent of the target π ?

By definition of afMALA(`) :

` =
( −2

K fMALA
−1(afMALA(`)/2)

)1/5

And,

h(`) = `2afMALA(`)

=
( −2

K fMALA
−1(afMALA(`)/2)

)2/5

afMALA(`) .

Therefore, the maximization can be written in term of afMALA(`).

h(`) is maximized for afMALA(`) ≈ 0.704.

Conclusion : tune during your algorithm ` to have an acceptance ratio with
empirical mean ≈ 0.704
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A new MH algorithm with a scaling in d1/5 I Maximization of the speed of the diffusion

Back to ESJD

In the framework of the theorem, for large d :

ESJD ≈ d−1/5h(`) .

So maximizing the ESJD is equivalent for high dimension to maximize h(`) !

FIGURE: Comparison of d−1/5ESJD between mMALA and MALA for d = 1600 and
g(x) = −x4/4 + x2/2, a double well potential.
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A new MH algorithm with a scaling in d1/5 I Maximization of the speed of the diffusion

The End

Thank you for your attention !
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